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Surname
Name
matriculation number
Solve only six between the following problems and theoretical questions. To get the maximum
score you have to deal with both kind of questions.
Only 6 question will be evaluated to build the mark
Exercises
0. Mandatory for those who did not take the crash couse end test. Evaluate∫ ∞
1
lnx
x2
dx
1. 4 pts If A = {(x, y) ∈ R2 : x2 + 4y2 = 1} and f(x, y) = x+ 2y find max
A
f, min
A
f
2. 5 pts Solve the initial value problem
y′ =
x(x+ 2y)
x2
y(3) = 3
3. 8 pts Find the general solution of the Riccati equation y′ = − 2
1− x +
2x− 1
x(1− x)y +
1
x(1− x)y
2
knowing that y1(x) = 1−3x solves the given differential equation. You may find useful, at some
point, the identity
1− 4x
(x− 1)x = −
1
x
− 3
x− 1
4. 6 pts Using the theorem for differentiation under the integral sign show that for t ≥ 0∫ 1
0
xt − 1
lnx
dx = ln(1 + t)
Hint: Recall that ddt(x
t) = ddt(e
lnxt) · · ·
5. 4 pts Evaluate
∫∫
R2
e−(x
2+4y2)dxdy
6. 4 pts Evaluate
∫ 1
0
(1− x5)1/5dx
7. 5 pts Compute the Fourier transform of the function f(t) = e−2pi|t|
Hint: you may find useful the following definite integration formula
∫ ∞
0
cos(ax)e−xdx =
1
1 + a2
8. 6 pts Evaluate (f ? f)(t) when f(t) = e−t2
9. 6 pts Solve the parabolic initial value problem
{
ut = uxx − 4ux
u(x, 0) = x3e2x
10. 3 pts Giustify the passage to the limit lim
n→∞
∫ ∞
0
e−x sin(nx)
1 +
√
nx
dx
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Theoretical questions
11. 4 pts Prove the Triangle inequality
||x+ y|| ≤ ||x||+ ||y||
12. 6 pts Prove Lagrange multipliers theorem
13. 5 pts Prove Quadrature formula for linear differential equations
14. 4 pts Definition of Lebesgue integrable function
15. 6 pts Prove Beppo Levi theorem
16. 6 pts Prove that
∞∑
n=1
1
n2
=
pi2
6
17. 6 pts Prove that B(x, y) =
Γ(x)Γ(y)
Γ(x+ y)
18. 5 pts Show that if u(x, t) solves the heat equation then v(x, t) = ux(x, t) solves the heat equation.
19. 5 pts Show that if A and B are two σ-algebras in a given non empty set X then A ∩ B is a
σ-algebra.
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Solution
1. Critical point equations

1− 2mx = 0
2− 8my = 0
x2 + 4y2 = 1
=⇒

x =
1
2m
y =
1
4m(
1
2m
)2
+ 4
(
1
4m
)2
= 1
=⇒

m = ± 1√
2
x = ± 1√
2
y = ± 1
2
√
2
Conclusion
max
A
f = f
(
1√
2
,
1
2
√
2
)
=
√
2, min
A
f = f
(
− 1√
2
,− 1
2
√
2
)
= −
√
2
2. Homogeneous equation, then change variable y(x) = xu(x) obtainingxu′ + u =
x(x+ 2xu)
x2
3u(3) = 3
=⇒
u′ =
1 + u
x
u(3) = 1
Thus integrating the separable equation we get u(x) =
2
3
x− 1 so that solution to given problem
is y(x) =
2
3
x2 − x
3. Seek for a solution of the form y(x) = 1− 3x+ 1
u(x)
− u
′(x)
u(x)2
− 3 =
(
1
u(x) − 3x+ 1
)2
(1− x)x +
(2x− 1)
(
1
u(x) − 3x+ 1
)
(1− x)x −
2
1− x
then, simplifying we get the linear equation
u′ =
(1− 4x)
(x− 1)xu+
1
(x− 1)x
whose general solution is
u(x) =
c
x(x− 1)3 +
x2 − 3x+ 3
3(x− 1)3
Conclusion
y(x) =
(x− 3)x2 − 3c(3x− 1)
3c+ x (x2 − 3x+ 3)
4. Put f(x, t) =
xt − 1
lnx
. Recalling the hint we see that
ft(x, t) =
lnx · xt
lnx
= xt
And since we are integrating for x ∈ [0, 1] this means that |ft| < 1 allowing the derivation under
the integral sign. Thus we have
d
dt
∫ 1
0
xt − 1
lnx
dx =
∫ 1
0
xtdx =
[
x1+t
1 + t
]x=1
x=0
=
1
1 + t
Integrating with respect to t we find∫
xt − 1
lnx
dx = ln(1 + t) + c
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Eventually to detect the integration constant c it is enough take t = 0
0 =
∫ 1
0
x0 − 1
lnx
dx = ln(1) + c =⇒ c = 0
Conclusion ∫ 1
0
xt − 1
lnx
dx = ln(1 + t)
5. Use change of variable x = ρ cosϑ, y = 12ρ sinϑ. In such a way the given integral is transformed
in
pi
∫ ∞
0
ρe−ρ
2
dρ =
pi
2
6. Put x5 = u so that∫ 1
0
(1− x5)1/5dx = 1
5
∫ 1
0
(1− u)1/5u−4/5du = 1
5
Γ(15)Γ(
6
5)
Γ(75)
But Γ(65) =
1
5Γ(
1
5) and Γ(
7
5) =
2
5Γ(
2
5) then∫ 1
0
(1− x5)1/5dx = 1
10
Γ2(15)
Γ(25)
7. Since f(t) = e−2pi|t| is an even function we have
F(f)(s) = 2
∫ ∞
0
cos(2pist)e−2pitdt
To simplify following computations change variable putting 2pit = u so that
F(f)(s) = 1
pi
∫ ∞
0
cos(su)e−udu =
1
pi
1
1 + s2
8. By definition we have
(f ? f)(t) =
∫ ∞
−∞
f(t− x)f(x)dx
Thus when f(t) = e−t2 we get
(f ? f)(t) =
∫ ∞
−∞
e−(t−x)
2−x2dx =
∫ ∞
−∞
e−(t
2−2tx+2x2)dx
Now completing the square we have
t2 − 2tx+ 2x2 =
(√
2x− t√
2
)2
+
t2
2
Thus
(f ? f)(t) = e−
t2
2
∫ ∞
−∞
e
−
(√
2x− t√
2
)2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du. Therefore
(f ? f)(t) =
e−
t2
2√
2
∫ ∞
−∞
e−u
2
du =
√
pi
2
e−
t2
2
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9. We have to solve the heat equation {
vt = vxx
v(x, 0) = x3
Once we obtain such a solution, function u(x, t) = e2x−4tv(x, t) solves the given problem.
To get v(x, t) we use Green formula
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds
when f(x) = x3. Computing the cube we get
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
8s3t3/2 + 12s2tx+ 6s
√
tx2 + x3
)
ds
discarding the odd part of the integral (with respect to variable s) we have to compute
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
12s2tx+ x3
)
ds
using the identities ∫ ∞
−∞
e−s
2
ds =
√
pi,
∫ ∞
−∞
s2e−s
2
ds =
√
pi
2
we obtain v(x, t) = x
(
6t+ x2
)
so that solution of parabolic problem is
u(x, t) = x
(
6t+ x2
)
e2x−4t
10.
∣∣∣∣e−x sin(nx)1 +√nx
∣∣∣∣ ≤ e−x1 + x ∈ L1([0,∞)) and limn→∞ e−x sin(nx)1 +√nx = 0
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